We have developed a three-dimensional model of free surface flows that can accommodate the presence of arbitrary-shaped obstacles in the flow. The model is an extension of one developed earlier by Bussmann, Mostaghimi, and Chandra [1] . To validate the model we simulated the impact of a 2-mm-diameter water droplet landing with low velocity (~1 m/s) on tubes ranging in diameter from 0.5 to 6.35 mm. Computer-generated images of droplet deformation after impact agreed well with photographs. Droplets landing on the largest tube (6.35-mm diameter) clung to the solid surface following impact. On smaller tubes there was not enough surface area for the liquid to remain attached, and droplets fell off after impact, disintegrating into several smaller droplets as they fell. The number of droplets produced after breakup was sensitive to the location of the impact point on the tube surface.
INTRODUCTION
Many industrial processes require a liquid to be sprayed onto a solid surface. Familiar instances are spray painting, liquid cooling of surfaces, spray coating, fire suppression with water sprinklers, dispersion of agricultural pesticides onto foliage, and ingestion of medicinal sprays by inhalation. Although these examples of droplet deposition onto a solid surface are drawn from very different applications, many of the engineering problems encountered in them are similar. Typically, the objective in all these processes is to cover as large an area with liquid as possible, while minimizing wastage because of droplets bouncing off the surface. The extent of droplet spreading, splashing, and recoil depends on many parameters, such as droplet size, impact velocity, liquid properties, and substrate geometry. Since the relationships among these parameters are complex, many experimental studies have been carried out to understand the dynamics of droplet impact. Rein [2] has surveyed the extensive literature that exists in this area.
Most experimental studies have centered on photographing liquid droplets as they deformed after falling vertically onto a flat, horizontal plate (e.g., Chandra and Avedisian [3] ). This is the simplest surface geometry possible, and therefore the easiest to analyze. However, practical applications often involve droplets impinging on nonplanar surfaces, and a few recent studies have examined such-significantly more complicated-scenarios. Yao, Hochreiter, and Cai [4] presented results of the impact of water droplets onto the edges of heated, thin steel strips, a phenomenon that occurs during reflooding of a nuclear reactor after a loss-of-coolant accident. Hung and Yao [5] photographed streams of small droplets impacting on cylindrical wires and identified complex patterns of behavior, with droplets either disintegrating upon impact, or clinging to the wire and dripping off slowly. Hardalupas, Taylor, and Wilkins [6] presented experimental results of the impact of droplets onto solid spheres of similar curvature, with application to the operation of fluidized beds.
Since it is often easier and cheaper to optimize spray application parameters using a computer model rather than experiments, several numerical models have been developed to simulate droplet impact. Harlow and Shannon [7] were the first to apply the "markerand-cell" (MAC) finite-difference method to solve the fluid mass and momentum conservation equations, while neglecting the effect of viscosity and surface tension, an assumption that is valid only during the very early stages of impact. Tsurutani et al. [8] developed a more sophisticated MAC model that included surface tension and viscosity effects, and also considered heat transfer from a hot surface to a cold liquid drop as it spread on the surface. Trapaga and Szekely [9] used a commercial code (FLOW-3D) that implements the "volume of fluid" (VOF) method to study impact of molten particles in a thermal spray process. Liu et al. [10] employed another VOF-based code (RIPPLE) to simulate molten metal droplet impact. Pasandideh-Fard et al. [11] applied a modified VOF method to model the impact of water droplets in which varying amounts of a surfactant were dissolved to modify the liquid-solid contact angle. They extended the model [12] to include heat transfer and phase change, and simulated freezing of molten tin droplets falling on a stainless steel plate. Adaptive-grid finite-element methods were used by Fukai et al. [13, 14] to simulate water droplet impact, and by Bertagnolli et al. [15] to study thermal spraying of molten ceramic particles.
All the numerical studies listed above considered normal impact of a droplet on a flat, solid surface, which can be simulated using a two-dimensional model by assuming that fluid flow is axisymmetric. Droplet impact on substrates with more complex shapes, which do not have any axis of symmetry, cannot be simulated in two dimensions but require a fully threedimensional model. Bussmann, Mostaghimi, and Chandra [1] recently published a description of a three-dimensional, finite-difference, fixed-grid Eulerian model they developed, which used a volume-tracking algorithm to locate the droplet free surface. They simulated water droplets falling with low velocity (~1 m/s), onto either an inclined plane or the edge of a step, and compared model predictions with photographs of impacting droplets. Their article discussed ways of specifying boundary conditions at the liquid-solid contact line, the effect of which is especially important during droplet recoil.
The model of Bussmann et al. [1] , although three-dimensional, could deal only with relatively simple surface shapes that follow the gridlines of a Cartesian coordinate system (such as a step). Substrates with more complex contours-such as a cylindrical tube-cannot be handled in this way. In this article we have extended their model so that it can now accommodate the presence of internal obstacles within the computational grid. It is therefore capable of simulating droplet impact on substrates of arbitrary shape. To validate the model we simulated deposition of water droplets onto cylindrical tubes, a geometry that is frequently encountered in agricultural and medical spray applications, and compared the results with photographs of impacting droplets. We selected a cylindrical surface geometry for our test case because it is easy to observe droplet impact on tubes in experiments. After a droplet lands on a cylinder the subsequent fluid flow is quite complex, and simulating it accurately is a good demonstration of the capabilities of the model. Hung and Yao [5] presented photographs of water droplet impact on tubes and characterized the phenomenon according to the relative diameters of the tube and the droplet. In general terms, as tube size increases, the liquid has a larger area to adhere to. Droplets tend to accumulate on a large tube and then drip off, whereas they disintegrate after landing on a tube whose diameter is smaller than that of the droplet. The impact and accumulation of fluid is complex and depends not only on the geometry of impact, but on fluid properties and the wettability of the solid surface.
We present photographs in this article showing 2-mm-diameter water droplets landing on a 3.18-mm-diameter tube with a velocity of 1 m/s, and on a 6.35-mm-diameter tube with a velocity of 1.2 m/s. Droplet shapes in computer-generated images closely resembled those in photographs, demonstrating that the computational methodology is applicable to the simulation of such complex phenomena. We then applied the model to simulate impact on smaller tubes to illustrate the rich variety of fluid behavior that results.
EXPERIMENTAL METHOD
The experimental method was similar to that previously described in detail by Chandra and Avedisian [3] and by Pasandideh-Fard et al. [11] and will be summarized very briefly here. Single droplets were formed by slowly pumping distilled water through a hypodermic needle until the droplets detached under their own weight. Droplet diameter was uniformly 2.0 mm. The droplets fell onto a securely mounted horizontal stainless steel tube [either 3.18 mm (0.125 in.) or 6.35 mm (0.25 in.) O.D.] polished with 600-grit emery paper. The distance between the needle tip and the point of impact was set to yield impact velocities of 1 and 1.2 m/s. A single 35-mm photograph was taken at any one instant during an impact, as determined by a set time delay between droplet release and the illumination provided by a strobe of 8-µs duration. The photographs of any particular instant from one droplet to the next are sufficiently repeatable that a complete impact sequence may be reconstructed from individual photographs of different droplets.
NUMERICAL METHOD Fluid Flow
Fluid flow in an impacting droplet is modeled using a finite-difference solution of the Navier-Stokes equations in a 3-D Cartesian coordinate system. The ambient air during droplet impact is assumed to be dynamically inactive; i.e., only the liquid phase is considered. Other assumptions are that the liquid is incompressible with constant values of viscosity and surface tension, and the fluid flow is laminar. The surface profile of the deforming droplet is defined using the ''fractional volume of fluid'' scheme. In this method, a scalar function f is defined as the fraction of a cell volume occupied by fluid. The value of f is assumed to be unity when a cell is fully occupied by the fluid, and zero for an empty cell. Cells with values of 0 < f < 1 contain a free surface. Surface tension is modeled as a volume force acting on fluid near the free surface; the method used is the continuum surface force (CSF) model integrated with smoothed values of function f in evaluating free-surface curvature. Tangential stresses at the free surface are neglected. Details of the fluid flow model are given by Bussmann et al. [1] .
Internal Obstacle
The tube in the computational domain is an internal obstacle that affects the fluid flow. We treat the internal obstacles as a special case of two-phase flow, in which the first phase is the fluid (liquid and gas), with volume fraction Θ, and the second phase is the obstacle, with volume fraction (1 -Θ). The obstacle is characterized as a fluid of infinite density and zero velocity. The volume fraction Θ is a scalar field whose value is equal to one in the fluid and zero in the obstacle. The definition of Θ differs from that of the function f in that for liquid flow with a free surface, f is the fraction of a cell volume occupied by liquid while Θ is the fraction of a cell volume occupied by both liquid and gas. In our model we do not solve for the gas phase; therefore, the void volume replaces the gas volume of a cell. For a cell (i, j, k) of volume v i, j, k the volume fraction Θ is defined as (1) With this definition, Θ is a perfect step function only when obstacle boundaries coincide with lines of the computational mesh. In general, however, obstacle boundaries snake arbitrarily through the mesh, cutting through cells. This gives rise to Θ values in the range 0 ≤ Θ ≤ 1, which is necessary to avoid a "stair-step" model of a curved interior obstacle boundary as illustrated in Fig. 1 where V represents the velocity vector, p the pressure, ρ the density, ν the kinematic viscosity, and F b any body forces acting on the fluid. Equations (2) and (3) are discretized using typical finite-difference conventions on a rectilinear grid covering the volume occupied initially by the droplet and obstacle plus sufficient volume to accommodate any subsequent free-surface deformation. Velocities and pressures are specified on a staggered grid in the traditional fashion: velocities at cell face centers and pressures at the cell centers. Because of the staggered grid we must have a volume fraction Θ at the cell center and area fractions Θ x , Θ y , and Θ z at the cell faces in the x, y, and z directions, respectively. These area fractions can be either calculated from the obstacle shape or approximated based on an average value of the volume fraction Θ in two adjacent cells; results from numerical simulation using the two methods showed no significant differences. The latter method, easier to implement for an arbitrary complicated obstacle shape, was therefore used.
Equations (2) and (3) are solved using a two-step projection method explained in detail by Bussmann et al. [1] . The volume-tracking algorithm used to solve Eq. (4) 
Detailed discretization of Eq. (5) is given by Bussmann et al. [1] . For this scheme to work when including obstacles, we need to assign pseudo-volume fractions to obstacle cells adjacent to the liquid. The approach used was to mirror values of f from fluid cells into
adjacent obstacle cells. It should be noted that the Youngs algorithm and the evaluation of the unit normal to the liquid using Eq. (5) can only be applied to cells with no obstacle. When using the modified fluid flow equations (Eqs. [2] - [4] ), our underlying approximation is that the computational algorithms used for cells partially occupied by the obstacle are the same as those used for cells with no obstacle (Fig. 1) . For these cells, the obstacle is characterized as the fluid with zero velocity. In a sense, the portion of the cell occupied by obstacles is replaced by the same volume of fluid with no velocity. The fluxes across the cell faces are then corrected based on the value of Θ at the cell faces (Θ x , Θ y , and Θ z ).
Boundary Conditions for the Obstacle
Boundary conditions that must be imposed on the surface of the obstacle are velocity boundary conditions and contact-angle conditions at the contact line (the line at which the solid, liquid, and gas phases meet). Discretization of boundary conditions is done as follows. No-slip conditions are applied by defining "fictitious" velocities within obstacle cells adjacent to fluid cells. These conditions are set only for obstacle cells with a zero value of Θ, i.e., on a stair-step representation of the obstacle surface boundary (Fig. 1) . Velocities at the faces of these obstacle cells are set such that normal and tangential velocities at the liquid-obstacle interface become zero (no-slip condition).
Contact angles must be properly set at all points on the fluid contact line on the obstacle surface. Since the fluid-obstacle interface is a spatial surface, finding the contact line on this interface poses a numerical challenge. We first identify all vertices of the obstacle cells adjacent to the contact line; in two dimensions these vertices are all corners of partial flow cells in Fig. 1 . A 2 × 2 × 2 computational molecule for each of these vertices is then used to look for a free-surface cell: a cell with a value of Θ > 0 that is partially filled with liquid. It should be noted that full cells partially occupied by the obstacle are not considered free-surface cells. Finally, a 4 × 4 × 4 computational molecule is used to look for an empty cell: a cell with a value of Θ > 0 that is empty of liquid. Any vertex that satisfies the above three conditions is marked as a point on the contact line on which the contact angle is applied. The contact angle here is defined as the angle between the unit normal vector directed into the liquid phase and the unit normal w directed into the obstacle at every point of the contact line as shown schematically in Fig. 2 . Evaluation of w is done similar to the evaluation of (Eq. [5] ) as (6) The unit normals and w are evaluated at any vertex of the obstacle cells adjacent to the contact line (all corners of partial flow cells in Fig. 1 ). For any vertex marked as a point on the contact line, the angle between the two unit normals can be obtained from ( Since the fluid-obstacle interface is a spatial surface, the direction of unit normals and w varies with location on the contact line. As a result, the angle α is a spatial angle that varies at every point on the contact line. Proper setting of contact angles at the contact line requires that the unit normal at every point of the contact line is redirected such that the angle between and w is set to the dynamic contact angle θ d instead of the angle α as shown schematically in Fig. 3 . If r is the redirected unit normal into the liquid phase we will have ( al. [1] , is used to evaluate contact angle as a function of contact line velocity. The model requires values of only two contact angles, at a rapidly advancing and a rapidly receding contact line. For the cases under consideration in this study, water droplets on stainless steel tubes, we used the values suggested by Bussmann et al. [1] for the impact of a water droplet on an incline: 110° and 40° at the advancing and receding contact lines, respectively. The modified Navier-Stokes equations were solved on a Eulerian, rectangular, staggered mesh in a 3-D Cartesian coordinate system. The computational domain was discretized with a grid spacing equal to 1/15 of the droplet radius. The mesh size was determined on the basis of a mesh refinement study in which the grid spacing was progressively decreased until further reductions made no significant change in the predicted droplet shape during the impact. A detailed description of such a mesh refinement study has been given earlier by Bussmann et al. [1] . Although the grid spacing of 1/15 of the droplet radius will not capture the finest structure of droplet breakup during impact, the satellite droplets produced as a result of the breakup do mimic reality, as shown in a comparison of numerical results with experiments in the next section. The mesh size was uniform throughout the computational domain, which included the droplet and obstacle. To reduce the computational time, we exploited the planar symmetries of the respective geometries where possible. Numerical computations were performed on a Sun Ultra Enterprise 450 workstation. A typical CPU time was 3 days. Figure 4 shows the impact of a 2-mm-diameter water droplet landing on a stainless steel tube 3.18 mm (0.125 in.) in diameter, with an impact velocity of 1 m/s. The droplet fell vertically under its own weight, with its center offset by 1.55 mm from the centerline of the tube. Each frame in Fig. 4 shows successive stages of droplet deformation, viewed along the axis of the tube. The time of each frame (t), measured from the instant the droplet first touched the tube, is indicated. Photographs taken during our experiments are placed next to images of the droplet produced by the computer model.
RESULTS
Immediately after impact the droplet spread out on the surface of the tube, with liquid jetting away from the central axis of the drop. Since the impact point of the droplet was offset relative to the tube, this flow was not symmetrical, and more liquid flowed downward than upward (see Fig. 4 , t = 0.4 ms). The upward motion of liquid was arrested at t = 0.8 ms, after which the droplet was pulled down by gravity. As a result of this downward flow the bulk of the droplet was no longer in contact with the solid surface after t = 4 ms, but suspended below the tube. The droplet stretched as it fell, growing longer and thinner and finally necking off at the tip to form a droplet that detached at t = 11.0 ms. The liquid column left behind was unstable and its tip again pinched off, producing a second satellite droplet (t = 12.0 ms). The model captured the formation of both droplets and predicted their times of detachment quite accurately (see Fig. 4 ). Note that the first droplet to separate fell outside the field of view of our camera after t = 11.0 ms and is therefore not visible in photographs, although we have shown it in the computer simulations at t = 12.0 and 15.0 ms. The remaining fluid still attached to the tube surface was pulled back by surface tension until it finally reached its equilibrium position, shaped like a truncated sphere suspended from the side of the tube. The good qualitative and quantitative agreement between the simulation results and photographs gives us confidence in applying the model to simulating free-surface flows. Figure 5 shows results of the same simulation as in Fig. 4 , but viewed at an angle to the tube so that we can see the complex three-dimensional nature of the flow. Immediately after impact the droplet spread out along the axis of the tube, but this movement was halted by viscous and surface tension forces at approximately t = 2.0 ms. Once the droplet spread to its maximum extent it was pulled back by surface tension and recoiled (t = 5.0 ms). Droplet recoil was complete by t = 9.0 ms, after which the liquid column suspended from the tube had become long enough that it was unstable and necked off. Figure 6 shows a droplet impacting with a velocity of 1.2 m/s on a 6.35-mm (0.25-in.)-diameter tube. As before, the center of the droplet was offset from the tube axis, by 1.85 mm in this case. The droplet began to spread both up and down the surface of the tube after impact. The upward motion was arrested by t = 0.8 ms, after which only the bottom edge of the droplet continued moving. This impact differed from the previous one in that the tube area in contact with the droplet was much larger than before. Therefore more energy was lost to viscous dissipation, and the downward movement of the droplet was stopped by surface tension forces by t = 3 ms. These forces then made the droplet recoil (see Fig. 6 , t = 4 and 6 ms). The droplet reached equilibrium after approximately 35 ms. The simulated droplet images showed good agreement with photographs. The simulation, however, predicted less downward fluid movement than actually observed, so that the final position of the droplet was slightly lower than that calculated (see Fig. 6 , t = 35 ms). Surface tension and interfacial forces become dominant toward the end of droplet spread, and it is likely that errors in our estimate of the dynamic liquid-solid contact angle, which varies with both time and location around the droplet periphery, are responsible for the observed discrepancies between simulations and experiments.
In both of the cases discussed in Figs. 5 and 6, the droplet was smaller than the tube diameter. We also ran simulations in which the tube diameter was less than the droplet diameter, so that the liquid had a very small surface area to adhere to. Figure 7 shows simulated images of the impact of a 2-mm-diameter water droplet at 1 m/s on a 1-mm-O.D. tube. The droplet impacted the tube at a point offset 0.5 mm from the central plane of the tube. In contrast to the previous cases, where the droplet slid down one side of the tube, the droplet wrapped itself around both sides of the tube (Fig. 7, t > 1 ms) . The droplet flow down the left side of the tube (which was farther from the droplet center) stopped at about t = 4.0 ms, after which surface-tension forces pulled the fluid back onto the tube surface (Fig. 7 , t = 4.0 to 7.0 ms). The droplet flow on this side of the tube reached an equilibrium state 10 ms after the impact. The droplet movement on the right side of the tube, however, continued to the end of the process; after 5.5 ms from the impact, the bulk of the droplet was not in contact with the tube. This resulted in a column of liquid being suspended from the tube (Fig. 7 , t = 5.5 to 7.8 ms). The liquid had a very small area available for it to attach to the solid surface and separated from the tube at t = 7.8 ms. The falling liquid split into two droplets (Fig. 7, t = 10 .0 ms), which then recoalesced (Fig. 7, 11.5 ms) . Oscillations of the detached droplets as they fell as a result of surface-tension effects could be seen in the numerical results (Fig. 7, t = 8 .0 to 12.0 ms).
Wires much thinner than the drop diameter can produce even greater droplet disintegration. Figure 8 shows a 2-mm-diameter water droplet landing on a 0.5-mm cylinder, with the droplet center offset by 0.5 mm. The droplet wrapped itself around both sides of the tube and then recoalesced below the tube (Fig. 8, t = 3.0 ms) . A long liquid column formed as the droplet fell, while one end remained attached to the tube. This column was unstable and broke into three portions, the smallest of which remained attached to the solid surface (Fig. 8, t = 11.4 ms) . The two droplets that detached continued to fall, oscillating as they descended. It is interesting to note that droplet breakup in our simulations was sensitive to the offset distance between the center of the droplet and the tube axis. When the droplet landed exactly on the central plane of the tube, impact was symmetric, with equal amounts of liquid flowing on each side of the tube. Figure 9 shows a 2-mmdiameter water droplet landing on the central plane of a 0.5-mm cylinder. There is no offset in this case, and all other impact conditions are the same as the case shown in Fig. 8 . The droplet recoalesced at the bottom of the tube and fell off without the droplet breaking up. There was no oscillatory motion in the falling liquid column, which led to the disintegration of the offset droplet (compare Fig. 8 and Fig. 9 , t = 4.5 to 12.0 ms).
The only experimental results we found in the literature that were directly relevant to our simulations were those of Hung and Yao [5] . Though their experiments used a continuous stream of droplets landing on a wire, rather than a single drop, our findings are generally in accord with their observations. They noted that when droplets land on wires with diameters larger than their own, they cling to the wire surface, accumulate, and then drip off under their own weight. The size of droplets formed by what they termed "gravityinduced dripping" is larger than those initially deposited on the wire. This case corresponds to our Fig. 6 , where the droplet remains attached to the much larger tube surface. Hung and Yao [5] also identified a "disintegration" mode of impact when droplets land on small wires that shear the liquid, producing several smaller drops. This is the same mechanism of droplet breakup that we observed in our simulations in Figs. 7 and 8.
CONCLUSIONS
We have developed a three-dimensional computational model of free-surface flows, which permits arbitrarily shaped obstacles to be placed in the flow. The model is an extension of one developed earlier by Bussmann et al. [1] . The model was used to simulate the impact of water droplets on stainless steel tubes. In all of the simulations, the droplet diameter was assumed constant (2.0 mm), while the tube diameter was varied. In two of the cases considered, the tube diameter was larger than that of the droplet (3.18 and 6.35 mm, respectively). The entire droplet clung to the surface of a 6.35-mm-diameter tube after impact, whereas most of it fell off the 3.18-mm tube, leaving behind only a small portion of the liquid attached to the solid surface. Simulations showed good agreement with photographs of droplets landing on tubes. When the tube diameter was reduced to 0.5 or 1 mm, so that it became smaller than the drop, less liquid remained on the tube after impact, and most of it fell off. The falling liquid column usually became unstable and broke up as it descended. The number of droplets formed because of breakup of the liquid column was sensitive to the offset between the point of impact of the droplet on the tube and the tube axis.
